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SOLUTIONSFORTHREE-DlM3NSIOlWL

LArmIARBouNRARY~

TO STATIOIURYRECTANGULARCOORDINATES

ByArthurG.HansenandHowardZ.Herzig

Solutionsofmainstreamflowpatternsforsllpossibleincompres-
siblelsminer-boundary-leyerflowshavingclassicalsimilaritywith
respecttorectangularcoordinatesystemssrederived.Thesesolutions,
whichapplytoawiderangeofflows,aresummarizedintableform.

INTRODUCTION

TurbomachineboundarylayersaregyitegeneralJyturbulentexcept
perhapsinlocalregions.Asillustratedbythesecondary-flowbehavior
describedinreferences1 to3,theseboundary-layerflowsarethree-
dimensionalaawell.Mathematicallyjthenonlinearpartialdifferential
equationsthatdescribethisturbulentthree-dimensionalboundary-layer
flowareallbutintractable.Nevertheless,itisimportant,forturbo-
machinedesignprocedures,toobtaintheoreticalsolutionsofthe
boundary-layerequations.Inonemuch-usedapproachtothisproblem,%y
assumingtwo-dimensionallaminer-boundary-lsyerflows,theequationsare
greatlysimplifiedandsolutionscanbeobtained.Actually,manyuseful
applicationsofthistwo-dimensionallaminar-boundary-layerflowtheory
havebeenmadeforestimatinglossesinturbomachinesfordesignpurposes.
Often,however,thissimplificationisnotphysicallyacceptable.For
example,when,inordertodevelopincreasedpoweroutputfromcompact
engines,theflowvelocitiesandmass-flowratesareincreased,the
boundary-layersecondary-floweffectslikewiseareincreased.The
boundary-layeraccwmlationsandblade-end-regionlossesassociatedwith
thesecondaryflowssoonconstitutea substantialportionoftheturbo-
maclyhelosses.Unfortunatelyjthesesecondary-fluwphenomenacannotbe
explainedbyextensionsofthetwo-dimensionalboundary-layertheory.
Ingreatmeasure,futureprogressinturbomachinedesigndependsupon
understandingandaccountingforthesesecondaryflows.Asa consequence,
theimportanceofunderstandingthethree-dimensionalturbulent-boundary-
layerbehaviorhasledtomanyexperimentalandtheoreticalinvestiga-
tionsinrecentyears.

— —. —. -. .——



2 NACATN3768

Althoughsimplifyingtheboundary-layereqyationsbytwo-
dimensionalizingthemappearsuntenableforhigh-outputengines,one
mostimportantresultoftheexperimentalinvestigationsofreferences
1 to3 isthatlaminsr-boundary-layerbehaviorcanusefullyprovide
qualitativeinformationconcerningtheturbulent-boundary-layerbehavior.
IWoma theoreticalviewpoint,theimportanceofthisobservationcan
hardlybeexaggerated.Forthethree-dimensionallaminsr-boundary-layer
flows,thenonlinearpartialclifferentialequationsaremerelyformidablej

fortheturbulentcasetheexistenceofturbulentfluctuationmotions
makesthedeterminationofsolutionsmuchmorecomplicated.Thestudy
ofthree-dimensionallaminar-boundary-layerflowsmay,therefore,yield
i~ortantinformationfortheturbomachinedesigner.Inaddition,itis
welltorecognizethattheexternal-flowwing-boundsry-lsyerproblemfor
high-altitudeflightisalsoessentiallya three-dimensionallsminsr-
boundary-layer(secondary-fluw)problem.(Theexistenceofa limiting
cross-*el-flow streamlinedepictedinreferences1 and2 eliminates
considerationofa nonviscous-flowtheory,atleastinregionswhereit
isreasonableto~ect thinboundarylayers.)

Consequently$theoreticalinvestigationsofthree-dimensional
laminar-boundary-layerflowsovera surfacehavinga leadingedgehave
beenmade(refs.4 to8,e.g.). Twotypesofsolutionsareobtained:
approximatesolutions(perturbationmethod)forgeneralmainstreamflows
confinedtoregionsofsmallturning(refs.4 and7)andexactsimilarity
solutions(forboundary-layerfluwshavingaffinevelocityprofiles)for
restrictedtypesofmainstreamflowsbutwithnorestrictiononturning

[
refs.5,6,and8). Themostgeneralofthesesimilaritysolutions
ref.8)isapplicableforquitearbitrarymain-flowstreamlinepaths,
providedthesxialvelocitycomponentisconstant(thatis,constant
staticpressureaxiallly)andthemain-flowstresuil.inesarealltranslates
(novariationofstreamlineshapesinthetangentialdirection).

Thepresentinvestigationseekstodeterminewhatfurtherextensions
ofthesimilaritysolutionsarepossible.l?ewsimilarityparametersq
sredefinedcorrespondingtomainstreamflowsnotpreviouslyconsidered
thatenablethehoundsry-layerequationstobereducedtoordinarydif-
ferentialequationsintermsoffunctionsoftheseparameters.(Synibols
exedefinedinappendixA.) Theseqts arefoundasa resultofa
systematicanaJysisusinggrouptheoreticapproaches(“searchforsym-
metricsolutionsand“inverseWmethod,ref.9)describedinappendixB
ofthisreport.Theevaluationofthefunctionsof q andthedeter-
minationofthecorrespondingthree-dimensionalboundary-layerflow
pathsremainasproblemsofnumericalanalysiswhicharenotconsidered
here.Thus,whiletheintegrationsoftheequationsarenotcarriedout,
thesimilaritysolutionmaybe consideredessentiallycompletefor
presentpurposesuponretictionoftheboundary-layerequationstoordi-
narydifferentialegpations.
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solutions
mainfluwsfor

obtainedincludecasesofacceleratingordecelerating
quitegeneralstreamlinepaths,notconfinedtoflow

fieldsofstreamlinetranslates.Thesesolutionsaresummarizedin
table1,wMchincludesthemainstreamvelocitycomponents,thegen-
eralizedsimilarityparemeter,endthefinalsetofordinarydiffer-
ential.eqpationsforeachfemilyofmainstreamflows.

to8
tion

Similaritysolutionso%tainedinpreviousinvestigations(refs.4
and10toMj arelikewisecitedinthetabletoshuwtheirrela-
tothesolutionsobtainedinthepresentinvestigation.

SIMLMITYSOL~IONSFORGEZW3MLIZEDSJMU&UZTP~ q

SimilarityWithRespecttoRectangularCoordinates

Theequationsdescribingthesteadyincompressiblethin-leminer-
boundery-leyerflowovera flatorslightlycurvedsurfacewithcoordi-
nateaxisorientedasshowninthissketch

—Iy ‘&Ju

=?Leadingedgeofplate

qybe written

. . — ... . ..— —.— —— —— -— ----- —. ...
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a% aw aw_.u&+v~
ay2 +%

Theboundaryconditionsare

U=v=w= O for

limu=U
y+-

Y = O (atsurface)

limw=W
Y+”

(la)

(lb)

(lC)

Itisknownfromtheresultsofreferences4 to8 thatsolutionsinvolv-
ingSimilaityperameters q havebeenobtainedfortheincompressible
three-dimensionallaminar-boundary-lsyerdevelopmentona nearlyflat
surfacewitha leadingedgeforcertainrestrictedmainflows.Thepur-
poseofthepresentinvestigationwastotrytofindsolutionsformuch
moregeneralflowsthanhadbeenobtainedheretoforebyuseof more
generalizedsimilarityparametersq. AsinappendixB andreferences
4 to8,thedimensionlessvelocitycomponentsu/U and w/W sredefined
intermsoffunctionsF(q)and G(q),respectively,where~ = q(x)y,z).
Thecontinuityequation(lc)maythenbeintegrated,solvingfor Vj and
equations(la)and(lb)msybetransformed(bysubstitution)tothenew
coordinates,x,z,and q. Theapproachusedhereinistodeterminethe
conditionsunderwhichthetransformedegyations(la)and(lb)become
ordinarydifferentialequationsin F(q)and G(q)jwhichcanthenbe
integratednumerically.Forthepurposesofthisreport,thesimilarity
solutionswillbe consideredcompletedwhenthedefiningegpationshave
beenreducedtoordinarydifferentialequations.Theactualnumerical
integrationswillnotbeperformedhere.

GeneralizedSimilarityParameterq

Whentheprocessoutlinedaboveisattempted,severalpractical
restrictionsappearatonce.Unlessthesimilarityparameterq(x,y,z)
has y separable,thatis,

n = f(y)g(x,z)

thetransformedequationsareinordinatelycomplicated.Furthermore,in
ordertobeabletointegatethecontinuityequation(lc)readily,q
mustinadditionbelinearin y. Thus,q ischosenas

.- -. — - ...— —.—- —.
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andtheintegrationcanthenbe carriedthrough.This
isnotasrestrictiveasitfirstappears,becauseanY
eterV*❑q*(x)y,z)canbeused
foundsuchthat

f(q*)=

!Mefunctionalrelationsof F

for-;hich”afunctionfi

5

(2)

definitionof q
similarityperam-
relationcanbe

and G to V* aredeterminedby

F = F(q)= F~(TI*~

G = G(q)-= G~(q*jj

Foranexample,onecouldchoose

(suggestedinappendixBby

7*=y+z=
thesimilitudetransformation).The

transformation

(q*)l/r=II.y(-Fzn-r)l/~

determinesthe
integrations.

correspondingparameterq linearin y foruseinthe

Thussnysolutionsobtainedinthepresentinvestigationareclas-
sicalsimilaritysolutionsinthesensethat,likeallprevioussolutions
involvinga similarityparsmeter,theparameterislinearin y.

as
z

u

and

I?UnctionsF(q)and G(?_I)andXbundaryConditions

Forflowsovera nearlyflatsurfacewiththinboundaryleyerssuch
arebeingconsideredhere,U and W aretobefunctionsof x and
only,u =U(x,z),W=w(x,z).

As indicatedearlier,
and w areexpressible

itisassumedthatthevelocitycomponents
as

u= U(X,Z)F’(q) (4a)

. . . —.-—-. —. -— ..- —-———— -. — ——-- —.—_ ——- ——.
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w= W(X,Z)G’(q) (4b)

Thestipulationthatu and w vanishontheboundingsurfaceandap-
proachthemainstreamvelocityatgreatdistancesfromtheboundaryre-
quirestkt

F’(0)=G’(0)=0

limF’(q)=1
y+co

lim GK(q) =1

Theformofthecomponent
tinuityequation.Substitution
(lC)yields

Y‘“

v cannowbedeterminedfromthecon-
ofequations(4a)and(4b)intoequation

(5)

Equation(5)cannuwbe solvedfor v usingequation(2),andthere-
sultingsolutionisgivenby

(I. au aw
)

ag-l ag-l
+=

-Z= F+WG +Uw(qFt-F)+W~(qGr -G)+ f(x,z)

(4C)

For v tovanishonthebuundingsurface,itcanbereq@redwithout
lossofgeneralitythatF(0)= G(0)= O andthat f(x,z)= O. (Appen-
dixC containsa discussionofthenecessaryandsufficientboun~
conditionson F and G.)

OrdinaryDifferentialEqwtions

Stibstitutingequations(2)and(4)intoequations(la)and(lb)
followedby simplificationthengivesthefollowingtwo
equationsin F(q)and G(q):

au~(FC2-IT”- 1)+ w a= (G’F’- 1)-# (GF”)+

differential

- g2F’”=O (6)

,,

,.

,.

,.

.-— -——. ——. —.. . -—- ———— .. -—...————..-.
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thesimilaritytransformations
istoconvertthepartialdifferentialequations(1)intoordinarydif-
ferentialequationsin F,G,andtheirderivativesonly.Whetheror
notequations(6)and(7)becomeordinsrydifferentialegyations,how-
ever,will.ultimatelydependuponthenatureof U,W,and g2,asthese
quntitiesa~earinthecoefficientsofalltermsinvolvingF,G,and
theirderivatives.Thenecessaryrequirementforretainingonlyterms
in F,G,andtheirderivativesinequations(6)and(7)isthatthenon-
constantcoefficientsofthevarioustermsbeproportional.lYsuch
p~oportional.ityexists,thecoefficientscanbedividedoutoftheequa-
tions,anda systemofordinary&Mferentialequationsin q willre-
maimTheconditionforobtainingordinarydifferentialegyationswould
thenbeequivalenttothefollowings temofpartialdifferentialequa-

TtionsforthefunctionsU,W,and g :

(8)

where~ # O for i = 1, . . ., 6. Thesolutionsofequation(8)
describesllpossiblemainstreamflowsofthetypeU =*(X,2),W=w(x,z)
forwhichsolutionsofthecorrespondingthree-dimensionalboundary-layer
equationscouldbeobtainedbytheusual(i.e.,linearin y)-e of
shnilaritytransformationinrectangularcoordinates.

Inthefollowingsection,certainconsequencesofrequtiingpropor-
tionaMtybetweenthecoefficientsinequations(6)and(7)areinvesti-
gated.Wheneversuchproportionalitybetweentwocoefficientsisassumed,
itisreferredtoasan“ordinary-differential-equationcondition”andis
abbreviated“o.d.e.condition.”(Theo.d.e.conditionsfortheincompres-
sibletwo-dimensionalboundary-lsyerflowssrediscussedinrefs.15to
17. Theo.d.e.conditionsforthecompressibletwo-dimensional.boundary-
layerflowsme discussedinrefs.18to20wheresystemsofequations
intwosimilarityparametersareobtainedwhichcloselyparalleleqs.
(6)and(7)ofthepresentinvestigation.)

Solutionsfor U,W,and g2 dependupontheo.d.e.conditionsand
thesystemofdifferentialequationsinthesequantitieswhichresults.
However,theo.d.e.conditionsinturnmaydependuponcertainbasic

.. . . . . ..-. .— -—— .— - — . . . . —— —.
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assumptionsregardingthenatureof
isassumed.initiallythatU = u(x),

U,W, and g2.
thecoefficient

I?ACATN3768

Forexsmple,ifit
~ln Uw= willnot

appearinano.d.e.condition.Ingeneral,itwill.benecessarytomake
suchinitialassumptionsabouttheformof-atleastoneoftheunknown
functionsbeforeauniquesetofb.d.e.conditionscan%edetermined.

Thecalculationofallfunctionscanbe carriedoutina straight-
forwardmannerbymakinganinitialassumptionontheformof U or W,
bysettinguptheo.d.e.conditions,andby solvingthecorresponding
differentialegpations.ThecaseswhereitisassumedthatU = U(x,z)
or W = W(x,z)sremorecomplicatedthancasesresultingfromotherpos-
sibleassumptionsonthenatureof U or W becausea largernuniberof
o.d.e.conditionsresultfromequation(8)(iffornootherreason).

Asanexampleofhowcalculationofthefunctionsisactuallycarried
out,themostcomplicatedcase,thecaseofinitiallyassumingU = U(x,z),
w= W(x,z),and g # 0,ispresentedinappendixD.

RESULTSANDDISCUSSION

MainstreamConfigurations

Asa resultoftheanalysis
ofsolutionstoegyation(8)are

u = me?mc;

U=mxn;

above,itcanbe shownthatfourfamilies
obtainedcorrespondingto

w = as=

w =gxr 1 ..

J (9)
U =me-zr-l; W = aemzr

u .~nzr-l; w = Pxn-lzr

(g2 isproportionalto&J/bxinallcases).Itisinterestingtonote
thesimilaritybetweentheseresultsandtheresultsobtainedforthe
two-dimensionalcaseinreference15 (pp.116-120).Forthiscase,the
formsfor U(x)(W isidenticallyzero)areshowntobe

u= ~m

and

u= c&x

____
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Forconvenience,thefourbasicsolutionsalongwithfiveother
forms(which,itturnsout,correspondtothefourbasicformsunder
rotationofthecoordinateaxes)arepresentedintableI. Ta%le1,
whichincludeswithinitsorganizationallthepossiblesolutionsfor
mainstreamflowshavingclassicalsimilaritywithrespectttirectangular
coordinates,for U=U[X,Z)and W= W(x,z),isdiscussedinthefollow-
ingparagraphs. /

U and W. -U and W,thevelocitycomponent~of’themainstream
inthe x and z directions,respectively,arelistedfirstinthe
table.

ForallexceptcaseVI (obtainedfromcaseIVbyrotation),the
chartindicatesU and W arerepresentableby (a)powersoflinear
functionsin x or z individually,(b)exponentialfunctionsin x
or z alone,or (c)theproductsofsuchfunctions.IncaseVI,U and
W taketheformsofpowersoflinearcombinationsof x and z result-
inginmixedpolynomialsin x and z. Itmaybeobservedthatgreat
freedomofchoiceof U and W velocitycomponentscanbeobtainedby
assigningdifferentvaluestotheavailableconstants.

Projectionofmainstreamonsurface.-Theequationfortheprojec-
tionofthemainstreamonthesurfacemaybeobtainedhyintegrating
dz/dx=w/u. Forflowsnearlyparalleltothesurface,thisprojection
app~oximatestheactualmain-flowstreamlinepath.Whentheconstants
arechosensuchthatstraightmainstreamflowsresult(alwaystruefor
casesIIIandVI),therecanbenoboundary-layercrossflowrelativeto
themainstream.Forsuchflows,F = G andequations(6)and(7)exe
identical.Itmaybeobservedthat,exceptforsolutionscitedunder
caseIVandthestagnationsolutionofreference10,onlysolutionshav-
ingstraightstreamlines(inthex-zplane)havebeencompleted.

Irrotationality.-Thislistingindicateschoicesofconstantsfor
whichthemainstreamcomponentofvorticitynormaltothesurface
(aupz - awpx)iS zero.Fortheflowsconsideredhere,onlythisccm-
ponentofvorticitycanbemuchdifferentfromzero,inanyevent.
Therefore,specifyingau/az- a@x = 0,asisdoneforthelistingof
irrotationality,actuallyservestosettheconditionsfornearlyirro-
tationalmainflow.

Irrotationalityandtwo-dimensionalcontinuity.-Theflowsrepre-
sentedbycasesIIIandVIarestraightflows.Obviuuslytheseflows

(‘au bW
)canbeirrotationalandhavetwo-dime~ionalcontinuity~+ ~ = O

onlyforthecaseofconstantvelocity.Theconbinedconditionswould
reqpirestraightconstant-speedflowsforcases1,11,IV,V,VII,and
VIIIaswell.OnlycaseIXcansatisfybothirrotationalityandtwb-
Mmensionalcontinuityfornonstraightflowpaths,when n = 1,r = 1,
andm=-p. Themain-flowstreamlinepathsherearehyperbolic.There

- .- -— .-...— —. — — —... .. ..-
;
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are,however,difficultiesintiterpretationofthesignificanceofcase
IX~lowsand-theirassociatedboundarylayers
later. .

Boundary Layer

Similerityparameterq.-Theso-called

whichwillbeUscussed

similarityp“arameterde-
finedas ~-=Y g(x)z)/@ protidesinformationconcerningthephysical
M.mensionqoftheboundarylqer. Atthesurfaceq = 0,and q+~ as
theboundarylayermergesintothemainstream.Howeverjsomefinite
valueofq=qo servesasa practicalouterlimittotheboundarylayer
(refs.4 to8). Intermsofphysicallengths,theboundary-layerthick-
nessatanypointistheheight’y atwhichthevalueof q reaches
approximatelyTO● “~om Y= &V/g = qo@/6!at the outeredgeofthe
boundsrylayer,itcanhe seenthattheboundsry-lsyerthicknessisin-
verselyproportionaltothemagnitudeof g atanypointona surface.

Thus, incaseIII,forexample,for n and c positiveintegers}
theboundarylayerbecomesprogressivelythinnerwithincreasingx and
z becauseg(x,z)becomespro~essivelylarger.

g(x,z)constant.-When g isconstant,theboundary-layerthick-
nessdoesnotvaryoverthesurface.Thiscorresponds,forexsmple,to
thestagnation-pointflows(refs.11and15).

,

Reference15notesthatinthetwo-dimensionalstagnation-point
flowwiththeconstantboundary-layerthickness[g constant)anexact
solutionfortheIJavier-stokesequationsisobtainedwhereU = ax and
v = ay,forconstanta. Itisinterestingtonotethatthethree-
Umensionslstagnation-pointflowofreference10 (caseIX)withconstant
g likewiseisanexactsimilaritysolutionforthethree-dimensional
Navier-stokesequationswith U = ax,W = CZ,V = -y(a+ c),g2= b,and
q = y~. Forthiscase,however,thelJavi&-Stokesequationsactually
reducetotheboundary-layerequationswithoutcastingouttermsbecause
ofphysicalconsiderations,suchasverythinboundarylayers,andso
forth.

Leadingedge.-Theproblemofrelatingthemathematicalsolutions
tophysicalrealityisintricatelyinvolvedwiththenatureof q and
g(x,z). Usuallytheboundarylayermustbeconsideredas“beginning”
somewhereina real.flowata leadingedge.Attheleadingedgethe
boundarylayerhaszerothicknessanddevelopsunderthemainflowalong
thesurface.A lineonthesurfacealongwhichq takesonverylarge .
values(becauseg(x,z)+’)u beconsideredsucha leadingedge.Along
sucha linetheboundarylayerhaszerothicknessbeinginverselypro-
portionalto g(x,z).BecauseMm l?’= Mm G’= 1,thenu = m’ = U

.q+- ~+”

——.- —..—— --—
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., and W=WG’ = W andtheboundary-layervelocitycomponents
l.yintothecorrespondingmainstreamcomponents.Anexample
caseIVwith n = O alonRthelinex = O onthesurface.

11

mergesmooth- ‘
occursin
This,of

course,isthecasetreatedinreference8 aswellaselsewhere.
,

Therearesituationswherethemainstreamvelocitycomponentsare
zeroalonga lineoralonganentireplanenormaltothesurface.It ,
isreadilyseenthattheboundary-layervelocitycomponentsarealso ‘
zeromatchingthemainstream.Ifcasesof g constantarenotimcluded
forthemoment,inspectionofthechartrevealsthateither.g(x,z)like-
wisebecomeszero(caseIV,n>l alongthelinex = O)andsothe
“boundarylayer”isinfinitelythickalongsucha lineor g(x,z]becomes
verylargeandtheboundarylayerbeginsattheline(caseVI,n = l/2
alongthelineax+ cz= o). Thesituationwhereg(x,z)= O alonga
lineistypical.ofthisme ofacceleratedflowswithaboun@rylayer
becomingprogressivelythinneralongthesurface.Insuchcases}the
simplestthingtodoistoconfinethediscussionoftheflowstosuch
regionswheretherequirementofthinboundarylsyers,issatisfied.me
correspondenceinthesecasesbetweenthemathematicalsolutionsinthe
thin-boundary-lsyerregionandphysicalrealitycanbeproperlydeter-
minedonlybyexperiment.This,however,isequallytrueforflowswith
satisfactorilydefinedleadingedges.

When g isconstantasinthestagnation-pointflowsdiscussed
previously,againnoleadingedgeprovidinga “beginning”placeforthe
boundarylayercanbedefined.Likewise,thephysicalrealismofa
solutionisquestionablewhenthe“leadingedge”isat x or z = OJor
whenthevelocitiesatanotherwisewell-definedleadingedge(q= =)
takeoninfinitevalues.CaseIVwhen n = 0,U = UO)and q+= as
x+O presentsa typicalcaseofflowovera surfacewitha leading
edge.When r=O however,inthiscase(refs.7,and15,e.g.)the
tangentialcomponentW takesoninfinitevaluesalongtheleading
edge.

OrdinaryDifferentialEquations

Theactualnumericalsolutionsoftheordinarydifferentialeqya-
tionsarebeyondthescopeofthepresentinvestigation.Numerousex-
ampleshavebeencalculatedelsewhereforparticularvaluesofthefree
constantsintheequations.Manyofthesecalculationssreindicatedin
thelisting“Referencesandcomments”associatedwitheachcase.While
theexistenceofa solutionanditscalculationmustremaintobe deter-

. minedindividuallyforeachcasein-general,cert~nremarkscanbemade
hereconcerningparticularsituations.

, Separationof F and G.-Numericalsolutionswillbeconsiderably
easierinthosecasesforwhichonlyoneoftheparameters,F or G,and

...___.. . . . ...— .-— —— — — — - .-. ——. - __ --- .—.
1
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itsderivatives,appearinoneofthetwoequations.Thelisting“Sepa-
rationof F and G“enumeratesconditionswherethiswilloccur.Under “
theseconditionstheordinsrydifferentialequationsreducetotheforms
ofcasesI andV.

Incase1,equation(6)isa FalJsner-Skanequation(ref.13)asis
equation(7)incaseV. Inallcases,forchoicesoftheconstantsthat
effectseparationof F and G inoneoftheequations(conditions
whicharemostlikelytobeusefulforpurposesofcomputation)thenu-
mericalsolutionsfortheequationsin F sloneor G alonearealready g
known(refs.14and15).Likewisethenumericalsolutionsforequation
(6)(casesIVandVI)andequation(7)(caseII)areknown.

Althoughitisnotapparentinthetable,if a = O incases1,
111,andVII,or p = O intheremainingcases,thenw = O andequa-
tion(lb)and,hence,equation.(7)disappear.Undertheseconditions,ex-
ceptincasesIIandV (whicharesimplyrotationsofcasesI andIV,re-
spectively),equation(6)becomestheFallmer-Skantwo-dimensionalflow
equationforwhichthecompletesolutionis known (ref.13).Similarly,
wheneverm = 0,u = O,eqpations(la)and(6)di.sappesr,andequa.
tion(7)becomesthel?slkner-SkanequationexceptincasesI andIV..

I?Oundaryconditionsnotachievable.-Shouldtheordinarydiffer-
entialegyationsreducetotheform Fwt=0 (or G“’=0)inanycase,
thesolutionis

F= klq2+ k2q+ k3

Howev=,thelmndaryconditionlimFr(q)= 1 cannotbeachieved.The
q+.

occurrenceofsuchformsoftheeqyationsislistedasWoundsrycondi-
tionsnotachievable.~TherequirementthatFs and Gt approachtheir
limitingvaluesasymptoticallyas ~~- restrictssomewhatthechoices
oftheconstantsaswell(ref.M). Forexample,when F’ istoap-
proachitslimit1 from%elowjtherelationsmustbe suchthatthecur-
vatureofthe F’ curve,whichdependsupon FWi,mustbenegative.
Thatis,frmnequation(6)

Fn’ = (lo)F’~(F,Ft,F’’,G,G8)c0

Thepracticalanalysisissomewhats&plifiedforconditionswhensepara-
tion-ofthevariabiesoccurs.ThenjF;
F,F:,and F“ arepositive,andchecks
numericalcalculationproceduresforthe
Fltl.

istheFalkner-Sksmfunctio~.
canbemadereadilyduringthe
appropriatenessofthesignof
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Similarstatementscanbemadefortherestrictionsontheconstants
requiredforcorrectvaluesof G“tandforconditionswhenthefunctions
a~roachthelimit1 fromabove.

No
E

Linearityin u or w. -Underconditionsforwhichthereisline-
arityofeqpations(1)in u or w,thatis,?h@x ~ O or *Pz = 0,
anextensionofthesolutionbeyondstrictsimilarityofthevelocity
componentwithrespecttothecorrespondingx or z coordinatecanbe
made.Reference8undercaseVIImakesuseofsuchlinearitywith
respectto w toobtainsolutionsforquitegeneralstreamlineshapes.
Inordertosi~lifythecomputations,U = U. (thecasewhen n = O)was
choseninreference8,sothatF becomesthealreadywell-tabulated
131asiusparameterF, (ref.15)leavingonlytheparameterG tobe
computed.

CONCLUDINGREMARKS

SolutionsformainstreamU and W flowcomponentsforallpos-
sibleboundary-layerflowshavingclassicalsimilarity(havingaffine
velocityprofiles)withrespecttorectangular-coordinatesystemsare
obtainedinanorderlyfaahion.Thesesolutions,whichapplytoawide
rangeofflows,aresumarizedintableI. Carefulattentionshouldbe
paidtocertainpracticalconsiderations.

Thefinalsolutionsfortheboundary-layervelocitycomponentshave
notbeencarriedout.Theactualnumericalsolutionsfortheordinary
differentialeqyationsderivedhereareconsideredbeyondthescopeof
thisinvestigation.!l?heybelongmoreproperlytoa programinvolving
theuseofhigh-speedcomputingmachinery.

Itis@ortanttonotethatthereisreallynocasedescribedfor
suchsimpleconfigurationsasflowsthrougha rowofstatorbladeswith
appreciableturning,irrotationality,andveryneartwo-dimensionality
ofthemainstream.Thecasesforflowswitha satisfactorilydefined
leadingedgeincludebuta portionofthetotalityofflowsdescribed.
Nevertheless,p&sically,thebeginningsofaboundary-layerdevelopment
wouldreasonablyseemtobemostimportant.Exceptforthatdescribed
inreference8,thereislj.ttleexperimentalverificationavailablefor
anythree-dimensionalsimilaritysolutionsandnoneformostsolutions
indicatedintableI.

Onthepositiveside,thereareobviouslyconditionsforwhichthe
solutionspresentedenablereasonableapproximationstobecalculated
forthree-dimensionallaminar-boundary-~erbehavior(seeref.8). More
important,however,ifnocasecanbefoundintableI toserveasa

.. .. . . —-— ..—— ..— — -— - ——. .—
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No
~

a,b,c,d

f

F,F(q),5

G,G(q),~

.%g(%z)

h,k,m,n,
p,r

U,yw
fi,v,fi

U,v,w
G,?,G

x,y,z-max,y,z

a

v

?0

V*

v

APPENDIXA

SYMBOLS‘

constants

arbitraryfunction

functionof

functionof

functionof

constants

similarityparameter,u -=UF’(q)

Simimitypaameter,w .= WG’(11)

coordinates,x and z

.
mainstreamvelocitycomponentsinx,y,z directions,
respectively

boundary-layervelocitycomponentsinx,y,z directions,
respectively -

rectangularcoordinates

constant

similarity(space)

valueof q which
layer

-fib’-e’“=5 ‘(x’z)
definespracticalouterlimitofboundary

similarityvariable,T*= q*(x,y,z)

coefficientofkinematicviscosity

Subscripts:

0 constant

i=l,2, indexnmhrsa, . . .

Superscripts:

l?rimesdenotedifferentiation

;1
,.‘

..-. .—.-.-.— .__. —.. . .—— ——— —-.
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APPENDIXB

SEARCHFORSOLUTIONS~

ApproachtotheProblem

Onepurposeofthepresentinvestigationwastodevelopa logical
systematicmethodforobtainingumregeneralsolutionsforthree-
dimensionalincompressiblethin-boundary-lay=flowshavingsffinedimen-
sionlessvelocityprofiles(so-calledsi?dlaritysolutions)thenhereto-
foreavailable.Theutilityofinspectionalanalysisasa methodfor
obtainingsuchsolutionstothepsrtialdifferentialequationsoffluid
flowisdiscussedinchapterIVofreference9. Thebasisofthemethod
istheaxiom(obtainedfromgrouptheory)that,ifthehypothesesofa
theoryme invariantundera groupoftransformations,thensoereits
conclusions.Supposea groupoftransformationscanbefoundthatleaves
theformofa systemofpartialdifferentialequationsinvariant.The
method,calledthe“searchforsymmetricsolutions”,asappliedto
boundary-layertheoryinvolvesfhdingcombinationsofthereference
coordinatesthatarelikewiseinvariantunderthegroup.Ofevengreater
significancetothepresentinvestigationistheconceptofan“inverse
method”(ref.9,p.140),whichstatesthat,givenaparticularsolution
withcertatiproperties,itmaybepossibletofindadditionalsolutions
byaprioripostulationofthoseproperties.Theproceduresforapplying
thesetwomethodstoboundary-layerproblemsaredescribedindetail
later.Itappe=sadvisablefirsttoestablishthereasonablenessof
anticipatingthattheapplicationofthesemethodscanleadtosolutions
oftheboundary-layerequations.

Reference9 a~liesthe“searchforsymmetricsolutions”tothetwo-
dimensionallaminar-boundary-layerequationsinrectangul.srcoordinates
andisabletoderivea systematic,logicaldevelopmentoftheBlasius
solutionintermsofa similarityparameterq = y/fi. Furthermore,it
isknownfromtheresultsofreferences4 to8 thatsolution~involving
suchsimilarityparametershavebeenobtainedfortheincompressible
three-dimensionallaminar-boundary-layerdevelopmentona nearlyflat
surfacewitha leadingedgeforcertainrestrictedmainflows.Thusit
seemsreasonabletoattempttoapplythemethodof“searchforsymmetric
solutions”andthe“inverse’:methodinordertofindthree-dimensional
bouniky-layersolutionsformoregenerelmainflows.

Theprocedureforthisinvestigationwastousethe“searchfor
symmetricsolutions”inaneffort(1)tofindsomesolutionsforthe
incompressiblethree-dimensionallaminsr-boundary-layerflowovera sur-
faceina logical,systematicmanner,(2)tostudythepropertiesofthese
solutions,and(3),ifpossible,toinvoketheinversemethodto.find
otherrelatedsolutions.Inthisfashion,itwasintendedtotryto
findsolutionsformuchmoregeneralflowsthanhadbeenobtained
heretofore.
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ofsimilitude(changes

forexample,

\

(Bl)

(B2)

a4 ‘a6 =%=%=1 J

wherethelastconstantswerechosenequalto1 forconvenience.The
invarianceofegyations(1)underthistransformationu beverifiedby
directsubstitutionofequations(Bl)and(B2)intoequations{l).

Asmentionedpreviously,thefhst stepinthesearchforsymmetric
solutionsisfindingcombinationsq ofthereferencecoordinatesthat
arelikewiseinvariantunderthetransformationofsimilitudeusingequa-
tions(Bl)and(B2). Severalsuchconibinationssuggestthemselvesat

Substitutionfromequations(Bl)and(B2)verifiestheinvariance.The
solutionsaretobeobtainedbyexpressingdimensionlessu and w as
functionsof q underconditionsthatwillenablethesefunctionstobe
evaluated.Bycomparisonwithreference9,itcanbe shownthatsolutions
whichmaybeobtainedinthisfashionwillbe similarity-typesolutions
withmoregeneralizedspacevariablesq thanconsideredheretofore
(refs.5,6,and8). .

ApplicationofMethod

Specifyingthedimensionlessvelocitycomponentsu/u= F’(q),
w/W= G‘(q)asinequations(4a)and(4b)ofthetexkanddefining

l-lY/J-; for= -le) itisfoundthatthetransformedboundary-
I&r equationsreducetoordinarydifferentialequationsin F(q),
G(q),andtheirderivativesfor

U.m

. . .—-. -.— — ——. — — .— _ —- -— ——— -—- - -
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W=p
.

V=o

Thisisthecaseofa ftilyofstraightmainflows(actuallya
rotatedBlasiusflow)withstreamlineprojectionsinthex-zplanede-
scribedby z = (p/m)x + 20.

Similarly,assuggestedearli-,when

Fq=yx?zn

thetransformedequationsreducetoordinarydifferentialequationsfor

u= m(x)‘+1(z)‘n-l m#O

w =p(x)n(z)-n p+o

Hereisthefamilyofmainstreamflowswithprojettedstreamlinesinthe
x-zplanedescribedby Zm= Zoxp. .

Thus,preliminaryapplicationofthemethodof“sesrchforsymmetric
solutions”usingtransformationsofsimilitudehasleddire’ctl.ytoob- .,
tainingtwonewsimil.sritysolutions.~ ordertoinvoketheinverse
method.andperhapsext~ theseresults,thesolutionswerestudied.As
a resultitwasfoundconvenienttopostulatea priorithepropertythat
theboundary-layerequationscanbetransformedtoequationscontaining
functionsofa generalizedsimilarityparameterq,andthatthetrans-
formedequationscanbereducedtoordinarydifferentialequationsby
determiningspecificformsU(x,z),W(x,z),and q. Fourfamiliesof
solutionssreobtaineduponapplicationoftheinversemethodinthisin-
vestigationandarelistedasninegeneralcasesintable1.

Theassociatedproblemofactuallydeterminingthenumericalsolu-
tionstothesefamiliesofdifferentialequationsistwofold.Thereis
firsttheproblemoftheexistenceofsuchsolutionsforanyparticular
case.Asdiscussedinthetext,valuescanbe chosenforcertainfree
constantsintheequationssuchthattherequiredboundsryconditions
cannotbeachieved.Second,thereisthefactthat,forevenmoderate
ramgesoftheconstantsthatentertheequationsasparameters,literally
thousandsofessayableintegrationsarerepresentedinthetable.The
scopeandpurposeofthisinvestigationistopresentthefl.cniequations
insuchformthattheirapplicabilitytotheboundary-layerdevelopment
undersomeparticularmainstreamconfigurationwillbereadilyapparent.
Theproblemsofnumericalintegrationforthatparticularcasecanthen
beund~akenmoreappropriatelyatthattime(asinrefs.4 to8 and
10toX5).

.

1,
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1.9

BOUNDARYCONDITIONS

Theboundary-lay=.equations(1)havebeentransformedusingthe
definitions

u = UIV(q) (4a)

w s WG’(q) (4b)

thesolutionfor v isgivenbyequation(4c).

Themainstreamflowshavethenbeendeterminedforwhichthetrans-
formedboundary-layerequationsreducetoordinarydifferentialequations,
involvingF(?),@q),andtheirderivatives.Theboundaryconditionson
thesefunctionsof q mustbe chosentocorrespondtotheboundarycon-
ditionson u,v,and w in-theoriginalpartial.differentialequations
(1). Correspondingtothefourboundaryconditions,

u =W =0 for y=O

limu=U
y+.

limw=W
w“+m

thefollowingfourboundaryconditionson F and G resultfromequa-
tions(4a)and(4b)

.
F’(0)= G’(0)= O

limF’=Jj.mG’=1

Theremaining-- ‘-’”
requiresthat

[%

q+.

onequations(1),v = O for y = 0,

(aw wahg
77Z- z ~ @o)= -f(x’z) (cl)

Substitutingequations(4)intoequations(la)and(lb)withf(x,z)
definedasin(Cl)yields

.. . ——.. . —. . . _.— --————— - -
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{% “2 }
- [F-F(0)~F”-1 + - (GIF’- 1)-~ l?”[G- G(0)]+

Ub@F’’& _F(())]+wa~g2: [G-G(0)]-g2F’”=0
ax 2 az

. (C2)

aw 2- G“ [G- G(0)] -1+%. (WG’ -1) -~ G’’~-F(())]+
{x “ }

WaIII& G“ ahg2G” “
~~[G-G(o)]+U~ @F- F(0)~-g2G’”=()

(C3)

Ifthesubstitutionisnowmade,

%

Theaboveequationsreduceto
with F and G replacedby
coefficientsof(C2)and(C3)

F=~+ F(0)

G=~+ G(0) .,
thefomgiveninequations(6)and(7)
~ snd G,respectively.Providedthatthe ,
havebeenmadeproportional,thesolutions

forequations
tions(~)and
F(O)=G(0)=

(C2)~ (c3)~~ uniquelydel=minedby solutionsof equa-

‘7)‘i=~,(y= : ::~:he yiw co~tionsF’(O) ; = = 10 Furthermore,
q+ w q+ -

u .~t=fil (C4)

w= WGI= WE: (C5)

:{~[F - F(o)]+% ~G- G(o)]}+”#{q:’- [F - F(O)]}+v---=

a g-l
{W ‘~ qG’- [G- G(0)]} - (C6)

Herethe~lution~or u,v,anQ w iseuniquelydet~ “ d by thesolu-
tionfor F snd G. ~, F and G canbe identifiedwithF and
G W equation(4c)andtheprovisionf(x,z)= O in(4c)and

.

F(0)= G(0)= 0.

— . .
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EXAMI?IWOFDERIVATIONOFEXPLICITFORMSOF U,W,AND g2

Thecasesofobtainingtheordq differentialequationsforflows
assumingU = U(x,z)and W = W(x,z)arepresentedherebecausethey
includeallthevexietyofsituationsandcomplicationsthatarisewith
otherpossibleassumptionsonthenatureof U and W. This assumption
isequivalenttothehypothesisthatthefirstpartialderivationsof U
and W donotvanishidentically.Forconvenienceintheaualysisthe
sevenclifferentcoefficients(seeeq.(8))arelistedintheorderof
theirappearanceinequations(6)and(7):

@ aqax
@w*.

@u*

(5As aqax and awaz havebeenassumedtObe I.WIUer”O, ~ o.d.e. COm.

tionfor@ and 7 willbe

Hence,

Similarly,from@ and@

au
bl ~ ‘u+

w bl= fl(z)u (Dl)

1)2
w =f~(x)u (D2)

Now,if bl=b2,itfollowsfromequations(Dl)and(D2)thatfl(z)
and f2(x)areconstants.Hencej

bl
w =b3U (D3)

. ..— .—— —___. . .—-— ———. — .— ———-———— -.
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If bl# b2,thenfromequations(Dl)and(D2)and@ and@

u = fs(x)f~(z) (D4)

W = b4f~(x)f4(z) (D@

bl+b2. -F5rstconsid~thecasebl#b2. Thenby @ and@

g2= b5f~(x)f~(z)

As &@x =b4f~(x)f4(z)from(DS),itfo~ows
then

w= fg’+”

(D6)

that,sinceaw@x+ o,

(D7)

sitiwlY,aulbz$0 @pliesthd

a 3Rg2fiZ =f~(z)/f&)

Hence,from@ and@

or

~ b6=l,

If

The

IL
f+ b6

=b7f3

b7x
‘3=b8e

f3= (b9x+ blo)bu

#o (D8) “

.

(In)

(D1O)

(Dll)

(D12)

constantblo representsonlya displacementofthecoordinateaxis a

maybetskenequaltozerowithoutlossofgenerality.“
..

—. .._ —. ----- ..
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Similarly,from@ and@, andequations

f4 =

or

‘4=
g

Fromthevariousconibinations
for U and W result:

u = memecz;

u : ~~r-l.9

u = mx%cz;
. n r-1U=mxz ;

b13z
bUe

b14zbH

df fs and

23

(D5)w (D6)

(D13)

(D14)

k4,thefollowingforms

W = ae=ecz

‘w=a@%r

W = pxn-lecz

w = p+-lzr 1 (D15)

c bl= b2.-Nowconsidertheremainingcasebl= b2. If bl=o, it
follo~eqwtion (D3)that aw/ax=aw/az=0,WA Contr-ctsthe .
basichypothesis.E bl=l, W= b3U. Thenfrom@ and@,

u

u =f@~x+ z)

W =b3f5(clx+z)

heating(clx+ Z) as m i~ep~ent v~~ble~

f~= C2(C1X+ z)

u= Cz(clx+ z)

W= b3c2(~x+z)

If f:#O,thmfrom@~@

(D16)

(D17)

(D18)

f:~ O impliesthat

(D19)

(D20)

(D21)

+0 (D22)

.
- . . . . - .— _—- —- ..—— ..— ..-— . -.— .——. .—— —.- --
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Similsrly,from@ and@,

ag2 a2~
sc4——3iU 8=2 = c4bgg+0

ll?h~efore,from@ and@,

andtherefore,

#5fg=c65

.
If C5=1, “

If %+1,

Asbefore,C1O
.Thesameresult

c (Clx+ z)
f5= c7e6

fs= 1=9(=2X+ z)+ Clo]c~

(D23)

(D24)

(D25)

(D26)

(D26)

(D27)

canbetakenequaltozerowithout10SSofgenerality.
isobtainedbyuseof @ and@ .

In summary, for bl= 1 thefollowingformsfor U and W result:

U = memecz; W = aemecz 1

U = m(ax+ Z)n; w = p(ex+ Z)n
1

(D28)

. Thefinalcasetobeconsideredis bl# 1. I?& bl# 1,g2 cannotbe
identicallyconstant.If gz

%0
=k,a constant,thenfrom 1 and@ U

wouldhavetobeoftheformU = dlx+ hi(z).Thenfrom 2, 6, and
b-lh~(z)= d2.equation(D3),b3[dlx+ hl(z)] Butthisrequiresthat

eitherb = 1 or h’(z)
~ la

= O. Neithercaseisadmissible.Furthermore
neitherg x nor &/az canbeidenticallyzeroM thehypothesis
thatthefirstpartialderivativesof W and U donotvanishisnot
tobeviolated.Ifforexampleg2= g2(x),thenfrom@ and@it
wouldfollowthatU = U(x),andhenceau/a2s o.

UI
~N

a

..

.
.— —
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From@ and@ thefollowingform

25

for U isdetermined:
- d3

U = ($2)h2(z)

Erom@and@,

w = (g2)d4h3(x)

However,

blW = b3U

Therefore,

(D29)

(D30)

(D3)

d4-bld3=b3h2bl(z)
(132)

h3(x)

NOWif d4#bld3,itfollowsatoncethatU and W canbeexpressed
asa productofa functionof x anda functionof z. Hence,equation
(D4)wouldhold,andtheanalysiswouldproceedaccordinglyasbefore.

Ifd4= bld3,thenh2(z)and h3(x)mustbeconstantsand~,
@, andequation(D29)give

2-d3
d3(g2) =

From@, @, andequation(D30),

2-d4
d6(g2) =

If d3= 2 or d4= 2,then g2=g(x)or g2= g(z);andthehypothesis
isviolated.‘% = 1,thenfromequation(D31),\

g2= h4(z)e%x

(D33)

(D34)

Similarly,if d4= 1,itfollowsfromequation(D32)that

g2=~(x)e%z (D35)

. . . . . . . . ... . .____ - ---- ——— —. - --——. ——-.—. . . .
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If d3# 1,2,integrationof(D31)yields
1

132=[k’ +h6(d(d3 - —1)Jd3-1 (D36)

If d4= 1,2,integrationof(D32)yields
1

g2
= [t%z+ h7(x))(~-l)]d4-1 (D37)

Equations(D34),(D35),(D36),(D29),and(D30)requirethatU and W
beoneofthefom” alreadygivenin(D15)or(D28).

Theseforms
arisingfhomthe

thusobtainedconstitute
initialassuqtions.
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